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Abstract We propose the calculation models of the logical arithmetic unit based on the many sorted algebra, and
verify the circuit’s design by using a proof checker. The stability of a circuit (redundant signed digit adder circuit
example) is proved based on the definitions and theorems about the logic operator, the hardware gates and the
connection by signal lines. For this purpose, we use 'Mizar’ proof checking system as formal verification tool. The

insistence of this research is to establish the mathematical principle technique concerning the calculation circuits

with high reliability.
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Fig 3: Circuit Configuration of Redundant Signed Digit Adder.
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4. 00 200000 Redundant Signed Digit
AdderO

0000,00000000000Montgomery0OODO0O
00000000000 200000RSD : Redundant Signed
Digitd[22][23] 0000000000 000000000 [24]
gbobobobobobobooooooooooobooobo
0000b0oo0ooOo0o0boO0n0 MizerOODOOODOODOO
gobobo,0boboboboboobon

4.1 O00OO0OO

00 2000 00 Redundant Signed Digit Adder[24] O OO
O00000O000DO00000O00o,1000000 Boolean
000000 {(0,0),(1,0),(0,1)} 000 200 Boolean 0
goooO0oo0obO0ob 20000000000000D0O0DO
gooboooboboboboooboobobooobboooo
gooboooooooooooooooooboobobobo
gooboooooooooooooooooboobobobo
gobobooooooboooooooooooobobobo
gooooooooboooon 300

gbo20000000000000DO0DODODL3O0O-2
000000000000 DO Generalized Full Adder Cir-
cuitd21] 000000000 OO IO 2000000000
goooboboboOoobOoboobOo20000bDO0ODOO
O00ooO0oooo0oooUn 3. 0000000000 RSD
gooopb20000000000DO0ODUOODObOODO 4
goobooooboobooooooooooooobobobo
Ioo0ooooog RSDOOODOOOOOOODOODODOO
O000000oo0o0o00oOooD ANDOOD1O00000O00
gbooobobobboobooooboooooosoooo
goooooooooo

4.2 00200000000 100000000

00200000000 0DO00000DODOOO0O0OkE—100
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0000O0DOO00O0DbOO0DOO0oDOO0DOOoD00O0gd ¢, 00 KOO
0000000 (zf,2,)0 (yi,y,) 00 RSDOOODOODO
D000000000000000000000 (,t5,,) 0
goooboooobood

00010000 BitRSD1Str(z™,z",y ,y", cin) 000
O0000o0ooooouooUoOn 2(BitGFA2Stry 00O
0 1(BitGFA1Str) 0000000000000 0O0D0O0O0O
000 410 (GO0 1000000)

z e,y ,yt,ay 0 OO0 O0O0O0. O0ODO0O, Many
Sorted Signature O 0 O, 0 0O I00000O0OO
BitRSD1Str(z~, %,y ,y",cin) 0, 0000000000

BitRSD1Str(z™,z ",y ", y", cin)

= BitGFA2Str(z~,z",y7)

+- BitGF A1Str(GF A2AdderOutput(z ™,z ",y ™), cin,y™)

00 BitRSD1Circ(z™,z%,y ,y",cin) 0, 000000
BitRSD1Str 000 Many Sorted Signature D00, 0000
gooooo.

BitRSD1Circ(z™, x5y, y", cin)

= BitGFA2Circ(z,z,y7)

+- BitGF A1Circ(GF A2AdderOutput(z™, 2%, y7), cin, y™)

4.3 0D0O0OO0O0OODOOOODOOOO

gogboooboboobuooboobo,oobboobo,on
000000 carrier, InputVertices, InnerVertices 0 0 0O O
oggooooao.

000 410 (D00 I000OOOOOOOO)

z ,zT,y vy, 6, 0 00 OO00. 0000,000 7100
gooboooopboooooag.

(Va~, 2ty y", cin)(

(InnerVertices(BitRSD1Str(z™, T,y ,y ", cin))
0 Relation 000)
00 the carrier of BitRSD1Str(z™,xt,y ",y ,cin) =
{a=, 2"y y" e} U
{{z~,z"), vor2c], GF A2 AdderOutput(z~,x+,y )} U
{[{z~,z™), and2c], [(z*,y ™), and2a], [(y ",z ), and2],
GFA2CarryOutput(z,z,y7)} U
{[{GF A2AdderOutput(z~, 7, y™), cin), zor2d],
GF AlAdderOutput(GF A2 AdderOutput(z~,z7, y7),
cin,y )} U
{[{GF A2AdderOutput(x~,z",y7), cin), and2c],
[(Cin,yT), and2al,
[(yt, GFA2AdderOutput(z~, 2%,y 7)), and2],
GF AlCarryOutput(GF A2 AdderOutput(z~,z%, y ™),

Cin, y+)}

00 InputVertices(BitRSD1Str(z™,z%,y ™,y ", cin)) =
{e7, 2"y y" cin}
4.4 0O00DODODOOO
0000000000000 00O00000 1000
BitRSD1Str(z™,z ",y ,y",cin) 0000DODDODOO0O0O0O
ooooo.

000 420 (00010000 40000000)

z ey, vty O OO 0O0OO. 0ooooao
z e,y ,yt,a, 0000000 O0OOOOOOOO
0000000000000 00s0 OO0 IO0OODO
BitRSD1Circ(z™,z ",y ,y",cin) 000000 OO Boolean

goooooooo a1,a2,as3,a4,as O al
)

s(z7), a2
s(x s(y7), as = s(y"), a5 = s(ciny) DO DO OO,
4O000002+200000000000000000D0O0OO

oo ooooooboobobobobon

; a3

(Vz~, 2ty 7,y cin)(Vs)(Va, az, as, as, as)(

Following(s,4)(BitRSD10utput™ (=, x ",y ,y", cin))

= not(not(a1) ® az B not(as) ® as S not(as))

000000000000+ 00000000000000
ooooooooo
000 430 (OO 10000000)

e,y ,yt,a, O OO 0O0OO. 0Oo0o0oo
z ey vyt e, 0000000000 OOOOOO
JooooDo0obOopoDbOobDOodOs O ODODO I00ad
BitRSD1Circ(x™,z",y " ,y",c;n) 00D0DOO0D0O0D0O0DOO
0004000000000 000DO0O0O00O0DODOOO0O

V=, 2ty y", cin)(Vs)(Following(s,4) is stable)

0000o00g000 20000002420 000000MmM

4.5 00200000000 IDODOO00OODOOODOO

00200000000 MIoOooObOOoO0oOOOoOoDooOoon
O0k—-200000 k—-1000000000DOODODO
00000+ 00 k000000000000 0D00000
0000000 RSDOOOOOOODO (2,2,,) 00000
goobogod

0000000 BitRSDStr(z™, 2%,y ,y", cin,tt) O
O0000o00oUoUooI1Io0on (BitRSD1Str) OO
000000000 AND OO0 (1GateCireStr(p, and2c) +
-1GateCireStr(p,and2q)) 0000000000000 OO
ooo
000 420 (COO 1I41I000000)

2z, y ,yT,en,tt O OO ODOO. 0000,
Many Sorted Signature D 00, 00O 1000000
BitRSDStr(z~, 2%,y ,y",cin,tt) O, 00000000
ogd.

BitRSDStr(z™, 2%,y ™, y", cin, tT)

= BitRSD1Str(z ™,z ,y~,y", cin)

+ - 1GateCireStr({tT,
BitRSD10utput™ (z~
1GateCircStr({t*,
BitRSD10utput™ (z ™,z ,y~,y", cin)), and2a)

00 BitRSDCirc(z™, 2,y ,y",cin,tt) 0, 00000
0 BitRSDStr 000 Many Sorted Signature 00 0, 000
goooooao.

BitRSDCirc(z™, 2%,y ™,y cin, tT)

= BitRSD1Circ(z™,z ",y ", y", cin)

71:+7 y_7y+7 Cin)>, andZC)
+ -



+ - 1GateCircuit(tt,
BitRSD10utput ™ (z~,z",y~,y", cin), and2c)
+ - 1GateClircuit(t™,
BitRSD10utput™ (x~, ",y ,y", cin), and2a)
4.6 U00OOOOODOOOODOO
goooobooooboobooo,ooboooooo,oo
000000 carrier, InputVertices, InnerVertices 0 0 0O O
goooooo.
000 440 (000D I4+41II000000O00DO0O)
z 2T,y ,yT,em,tT 0 OO0 OODO. OOODO, 000
[+[I0000000oo00o0o0oooobon.
Yz~ 2"y, gt cin, t)(
(InnerVertices(BitRSDStr(z™,x ",y ,y", cin, tT))
O Relation D0 0)
00 the carrier of BitRSDStr(x™,z",y ™, y", cin, tT) =
{z7, 2y, y", cin, t T} U
{{z™, 2™, wor2c], GF A2 AdderOutput(z~,z%,y~)} U
{[{lz=,z 1), and2¢q], [{=,y ™), and2a], [(y~,z~), and2],
GFA2CarryOutput(z™,z%,y7)} U
{[{GFA2AdderOutput(z™, ",y ™), cin), vor2c,
GF Al AdderOutput(GF A2 AdderOutput(z™, ", y7),
cin,y ")} U
{[{GF A2AdderOutput(z~,z,y7), cin), and2d],
[(cin,y™), and2a),
[(yt, GFA2AdderOutput(z~, 2+, y 7)), and2),

GF A1CarryOutput(GF A2 AdderOutput(z~, z %,y ™),

Cin, y+)} U
{[{t*, BitRSD10utput (z~,z",y~,y ", cin)), and2d,
[(tT, BitRSD10utput™ (z~, 2%,y ™, ¥, cin)), and2al}

00 InputVertices(BitRSDStr(x™, 2",y ™, y", cin, tT)) =

{2ty y" cin, tT}

4.7 00ODODOOOOOO

gooOo0o0ooOoO0oO0ooo0oDoOooooooD I+4110o0on
BitRSDStr(z~,zt,y ",y ,cin,t7) 00000000000
gooooag.

000 450 (0DO0D I4II0000 50000000)

z 2ty ,yT,em,tt O OO0 OODO. ODOOOO
z,xT,y T,y an,tt 000000000000 O00O00O0O0
000o0o00oooDooooDoo0boDs O ODOQO I+1ID0O
0 BitRSDCirc(z™, 2%,y ",y ,cin,t™) 00000000
Boolean 000000000 a1,a2,a3,a4,a5,a6 0 a1 = s(x™),
az = s(z"), a3 = s(y7), as = s(y™), as = s(cin), as = s(th)
gpooog, so00b0b4+100000000D00O0DO00ODODO
00000000-700000000000000000

Vz~, 2ty 7,y cin, tT)(Vs)(Vai, az, as, a4, as, as ) (

Following(s, 5)(BitRSDOutput™t (z~, 2%,y ™, y™, cin, tT))

= ag A (not(a1) ® a2 ® not(as) ® as ® not(as)

000000 o0oDoo0bDob0o0oboooooooooo

0o0oo0o0o0ooo
000 460 (0OO0 I4IIODO0ODO0)

z 2ty ,yT,em,tT O OO OOO. DOOOOO
z ey, yt,an,tt 000000 D0D0O0O0O0O0O0O0ODO
000000000000 000s0 000 I+J000
BitRSDCirc(z™,x",y " ,y",cin,t7) 00000D0ODODODOO
0000500000000000000000000

(Vz =z, y7,y", cin, tT) (Vs)(Following(s, 5) is stable)

00000002 00200000044+10000000

5. 0 0O O

000o0oooopooooooooooooooooooo
00o0o00o00ooooOOo0000ooooOOoOoOoooooO
O Proof CheckerD DO OO ODO0OOODOOOODOOOODOOO
00000o00O0000oo0O00o0 20000000000
ooooooooO0ooooooOoooooooooooooon
pggooboobooobooobboobbboobbooobo
000000000000 MizerOOOOOOOOOODOO
000000000000 On-bitd Carry 00O OO0 Carry
0000000000000 O0O00O0O0 Wallence-Tree 00O 0O
00 Montgomery 1000000000 O0ODOOOORSAO
ooooOoOoO0oOoOoOooOoooooOoOoO DbSPOOOOOO
ALUO0O000O000O0000000000O0oooooo
oooooooo

O g
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